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PEEFACE. 



This Manual contains an investigation of all the prin- 
ciples necessary for the measurement and calculation 
of earthwork. 

A general formula is given for curving, which 
renders the use of tables unnecessary. It may be 
easily retained in the memory for field practice. 
Several useful meth6ds for treating curves are also 
given. The manner of setting out half-widths will 
be found simple and accurate, especially in sidelong 
ground. It affords all the data necessary for calcu- 
lating contents, without the aid of cross sections, 
wherever the surface of the ground maintains a 
regular inclination; as may be seen by the tabular 
form proposed. 

But the principal advantages of the following system 
are the correct estimation of excavations in sidelong 
ground, as to the cubical capacity, the acreage occu- 
pied, and the areas of the slopes ; besides some expres- 
sions for the volume and surfaces of the wedge-shaped 
ends, whether their edges be ac\yx%xe <3t <5v5^Qjaj^\si*^^ 
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centre line ; and for the several forms of trapezoidal 
solids that occur in practice. 

The system of Tabulation proposed is less liable to 
error than that obtained from tabular numbers, as the 
figures are taken directly from the section, or half- 
width book. 

For general or Parliamentary estimates, formulas 
(A), (/), {q)y and («), as tabulated in examples 1, 4, 7, 
and 8, will be found, in most cases, sufficiently cor- 
rect. But, for accuracy, tabulation from cross- 
sectional areas, as by formulas (/), (o), and (»), and 
examples 3, 6, and 9, will be necessary, wherever the 
lateral inclination of the surface is considerable. 
Where the surface warps, or where the rate of incli- 
nation, transversely, differs within two chains' distance, 
the most accurate methods to be followed are those 
pointed out by formulas (A), (e), (»), and examples 
1, 2, and 5. 

Where cross sections are necessary, the central and 
side heights can be obtained by scale from the line 
that equates the contour. 

Alex. J. S. Graham, 

Resident Engineer, 
Forest of Dean Central Railway. 

NiBLBT: January 1863. 
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ON CURVES. 

The terminal points of curves are always equidis- 
tant from the intersection of the tangents to those 
points. 

In marking out curves the angles fac, agc, dba, and 
JFA (fig. 1), are generally used. The L fac is equal 

to half the L ago 
^i^- !• at the centre. The 

/. DBA is equal to 
the internal and op- 
posite angles bac 
and BCA, or the 
L FAC subtended 
by the same arcs. 
Therefore the L dba 
is also equal to half 
the central angle agc. 
The L JFA is equal to the internal and opposite angles 
FAC and FCA, which are equal. Therefore the /. jfa 
is equal to twice fac, or to the central l^ agg« 

When the Z. fao cannot \>^ \va."\ Xs^ 5^'^1ss.^'a^^s^^ 
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any L pcd may be set off, and the L fdc taken ; then 
— -I-±= .■=. L JFAC, which may be set off at c or 

D, or any point along the tangent selected for the 
commencement of the curve. 

If the radius of the arc abc is required, the angle 
rAC= Z. DAC is obtained ; as also the length of the chord 
AC, or the latter may be calculated by measuring ad, 
and taking the angle adc ; for 180°— (Z. DAC-f L adc) 
: AD : : Z. adc : ac. This saves the trouble of mea- 
suring the line ac. 

Then as sin L fac = sin L age, : half the chord 
= AE : : sin 90° : to the rad. : = AG. 

If the point b is known to be in the curve, as in the 
renewal of curves previously staked, it is preferable 
to use the angle dba in the above proportion. Or 
use the Z. fab and half the chord ab. 

In some cases the irregularity of the ground may 
prevent observations of the point c, from either a, b, 
or d; then half the external angle jfa formed by 
the intersection of the tangents ap and cp, or half 
the central angle agc formed by the intersection of 
the radii, may be used, or the line AG or gc may be 
measured. 

Having found the radius, the angle of deflection per 
chain may be found as follows. 

Let d=the angle of deflection from the tangent for 
one chain's length of the curve, and r=the radius. 

Then 26 : 1 :: 360 : 2r X31416; whence 
|^=3-1416r or ^=3-1416r ; whence 
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n_ 90 , 90 

31416r 314160 

^ 28-64789^ , 28-64789 
0= and r= ; 

r d 

multiplTing the numerators by 60, these give 

a 1718-8734 , 1718-8734 
a= and r= • 

r d 

Etnswering to minutes and decimals. 
As derivable from these it may be stated, that if 

«, , , 2 re' 

9'=any angle at the centre, 55^5^ = ^y:^^^^^ = 

r 

he length of the arc ; and if 6''= any angle at the cir- 

r0" 
umference ^^ ^.>,u^ = the length of the arc. 
28-64789 ^ 

If the length of the arc abc is known, the angle 

' deflection is equal to the angle fac divided by it. 

^e length abc may not be had always accurately 

ough from the survey. However, if it be obtained 

m the survey, and if the curve, set out by the angle 

/ FAC 

•= , does not terminate in c, it will come so 

vrc ABC 

e to it as to give the actual length of the arc abc 
neasurement ; and then the curve can be staked 
with the exact angular deflection without any 
er calculation. 

\ the angle fac is always equal to the angle dba, 
) line ab is set off at wiU» and th& \\i%lTVi:cs^'sc^ 
i along it, at that angle, uu\\\ \iife ^v\a\s^>^'^«^ 
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produced, passes through the point c, b will be a point 
in the curve, and 

sin L DAB : ^ : : sin 90° : rad. AG. 

This appears to be the easiest method of finding the 
radius in long curves, and is sufficiently accurate 
when AB is not taken less than 10 chains. 

In this instance, the point to commence the curve 
is B. To do this, an angle kba= the angle dab must 
be set off at b from the line ba. Then the instru- 
ment pointing in the line kl will be a tangent to the 
curve ; from which the curve may be marked off back- 
wards to A and forwards to c. 

In this manner a tangent may be set off to any 
point in a curve ; as it is only necessary to sight the 
chord of an arc backwards, and set off from it as many 
times the angle of defiection as there are chains in 
the arc. This is always necessary when the curvature 
changes from one radius to another without an inter- 
vening tangent ; as, for instance, the angle of deflec- 
tion per chain might be 1° from b to A, and 1° 30' 
from B to G and the common tangent kl. The junc- 
tion of curves and tangents is seldom at the end of a 
chain ; therefore the deflection for the additional links 
is found by multiplying the angle for one chain by 
them. Thus, a curve of 1° deflection per chain gives 
*dO degrees, or 18 minutes for 30 links. 

If in curving along abc it is required to find the 

point c, such that a tangent near that point shall be 

also a tangent to the curve ris, it will be seen that 

the production of the chord gh, cutting at or near i, 

siowa the tangent point M to be aome^Viei^ Wweeu 
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c and H. Produce the tangent cn, and from the point 
of intersection o, between it and the tangent po of 
the curve ms set off QO=oc. Measure the arc cq, 
find the deflection the curve gives for that length, and 
if it agree with the angle ocq, taken by observation, 
the curve terminates in q. If it disagree, set off a 
tangent from q, and if it cut inside the other curve at 
B and s, bisect ns, and set a pole at right angles to it 
at I. Take the angle between qs and iq, continue the 
curve to m, a farther length due to half the angle sqt, 
and the tangent from thence will also be very nearly 
a tangent to the curve Ris. However it will still cut 
a little inside bis, and it may be necessary to move the 
point M a few links farther on. 

If a table of natural sines is not at hand, and the 
point B is fixed, we have, by putting AB^a and db, a 
perpendicular dropped from b upon af, =y> 

r^— - for the radius of a curve, and 

— -^—^ = — ^—r — ^ = in minutes and decimals 

of a minute. 

Putting AD^a' and DB=y', we have 

r= — J-i?_ for the radius of a curve, and 
2y' 

57>29W^3437-74y ^ ^ .^ ^.^^^^3 ^^^ ^^^^^^^^ 

of a minute. 

In deep rock cutting, or where the slQi^ea ^x<b '^^^^ 
and in rough, ground, t\ie o^eit^M\wi ^1 ^\ix<\ss.'^ 
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'I! 



FiO. 2. 



is sometimes entirely confined within the formation 

width, and no straight 
lines can he had. In this 
case a random curve 
ABH (fig. 2) may be run 
out with an assumed 
angle of deflection to any 
point B, from which the 
opposite end c of the re- 
quired curve AC may be 
observed, and the Z. ^BO 
and the line bc obtained. 




<y jf 



Thus : 



28-64789 



:r = BD, and ef being tangent at b, 


90°— Z.ABE=Z.ABD, 180° — (Z.ABE+Z.FBC)=Z.ABC, 

and 2Z. ABD= Z.adb. 

Putting a=AB, b = BCy and c=AC, we have 

. .. . 28-6478.. . / . 28-6478 sin Z ADB 

Sin Z ABD ; — :: — : : sin I adb : a=. 



e 



sin L ABD 



also putting £bac=a, and Zacb=b, and Z.abc=c, 
we have 180^— Zabc=z1(a+b), and 

a—b ^^ . A-f B . a— b 
_. y tan ' «= tan — -— . 

a-\-b 2 2 

The angle answering to this tangent added to or sub- 
tracted from -n~"> according as b is greater or less 

than a, gives the angle A, which added to the Z. eab 
gives 2. EAC, the angle of the curve. To find r', we 
have 

sin A : 6 I : sin c : c, and 

Bin Z EAC = Z. AGC : ^ : : sin 90° : AG=r'; then 
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28*6478d 

J — = 0' the true angle of deflection per chain. 

T 

This plan may be also used in open ground in some 
L/ases* 

Where tables are not at hand, 
the angles of a triangle may be 
iiad as follows : — 

Let BAC (fig. 3) be the given 
triangle, and the Z bac the given 
emgle. 

Let BC=C, AB=a, AC=5, AI>=d, DC=e. 

Then c'^^^a+d)^ + e^=a^ + 2ad + (P + e^. But 
b^=zd^ + e% 

.-. c2=a2+^H2aff, and f!:Z^l!±i!}=ff. 




2a 



c«. 



Also as b^—d^sse^y and the arc de=c2— — -}-- — - &c. 

we have 

6-2832 (a+d) : 360° :: e^^ + ^-^ kc.:e^ 

3 5 7 

the number of degrees in the arc de or the angle abc. 
The angle acb=180°— (Z.BAC+ Z. abc). 

57-29578 ^/ e^ ^^^ , e' c \ a 
¥T^H'-3+5 + 7'''^r°^ 

^J^.Z.^i = ^^ the length of the arc. 
57-29578 ^ 



Hence 6' =' 



2^^2__c2\2 



The sine of an angle bac=^ /l ^ f ^ "^ 
(See Law's Tables, page 160^ toxm\i\a» \^>i 



) 



HM 
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In laying out curves by the 
production of chords of equal 
length, as in fig. 4, we have -— 



a 



y = — where p = the ofiet 
r 

ep. a = the chord bc^ or db, 

produced from b to ei and as 

the angles gba &ndfbc made bj 

chords of equal arcs, ab and be, 

with tbe tangent sff ^^^ equal, 

and gba = the vertical Z. ^bf, 

the angle fbc = z. e^. Therefore ef ^= fc =z 

— = ^, or the offset from the tangent is half that 
from the produ3ed chord. Consequently the first 
offset rfi = ^ or — . In setting out on this principle, 

the chain must be laid along ab^ and the point b 
found by moving it until d comes in line with ga. 
If the length be measured along ad there will be an 
error. Likewise, as the angle bee cannot be set out 
without a curving instrument made to suit the vari- 
ation of that angle, the line be produced from a, 
through 5, must be measured ; a pin left at €, and the 
end of the chain moved from e to o until ec =y, the 
calculated offset. 

As the angle /5c ==-—?, or half the central angle 

^ Lfbc=. L^bc'=- L bhcy and the triangles ecb and chb 
are similar ; ,\bh\bc\\bc\ ce^ or r : 1 : : 1 I y, or 
12 '792 

— = y or - — =y in inches, if r be in chains, as there 
r r 

are T92 inchea in a chain. 
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ose ie = 1 chtan, it = 2 chains, 
ir: 1:: l:y=co, andr: 2;; 2 :y'=£i. 
le 3/'=-4^, or the offset increaaes as the square 
chords. But the offsets from the tangent fc 
increase more rapidly. For 6c : bf. '.bn:bk, 
>cn, .: b/^/k, or bk<Z.2b/, .: the square of 
ss than four times the square of b/, and as the 
s is four times fc, it is evident that the offsets 
e tangent increase more than as the squares of 
measured on the tangents. 



jrinciple of ordii 
itageously applied in 
}ut small curves from 
500 feet radius on 
ound. In 6g. 5, the 
may be had by the 
i previously stated, 
ines AD, DB, and ba 
id, then 
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1 the curve is less 

', let a perpendicular ' 

from H upon cb, the tangent to the other ex- 
of the curve can; then putting CF=a', FH=y', 

= r, as previously stated. 

from the equation of the circle, taking e as 
in, and Ea=x, %b=.x', Ec=a/', -es.=x/", &c., 
I, for the ordinates from the diameter xj, 



^■i 
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A/r2-a/"2=K4, &C., 

and it is evident that these valaes deducted from the 
radius, or 

give the offsets from the tangent 6i at 1, 2, 3, &c., or 
that the value of kg deducted from those ordinates 
wiU give 1 1', 2 2', 3 3', &c., the points 1', 2', 3', cor- 
responding with a, h^ c, being taken at any distances 
apart that are suitable to the surface of the ground. 

The versed sine Da=r— KC=r— Vf^^x"\ 



ON HALF-WIDTHS. 

As sidelong ground has, in most cases, a regular 
inclination, the following system for finding the half- 
widths and the values of k and A' (fig. 6) is humbly 
suggested for saving the trouble of making and 
plotting cross sections. 

Fig. 6. 
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Let kk' represent the natural surface of the ground, 

w 
H the central height of cutting, lc:=^mf^na=i— half 

the formation width of a cutting, and d-=.cf the 
difference of level between / and c ; also fd'^m and 

Then, drawing hd parallel to cA, we have 
ab : bd: : ac : ck. But bd I ckwrn : zk 

. . . mxac ^ 
.\ab I my.ac I zk and r — =zk. 

_ i£? _ - 2dm - 2rdH . 
But ^ : d::rn :Jb=—--.\ab=B. — -j 

Substituting this value in the preceding formula, 
we have 

rh ov zk= s— 7-= o-j' 

2rdB. W'—2rd 

H— 

w 

wrx 
and putting x for ac^ we have ■ _^ w ^^^' 

- B.xzk zk 

Also rH ; h: ',2?^ : 2^0= =— or 

rH r 

wx 

za= rr—jz=ih\ 

w—2rd 

In like manner h may be found, and the half-widths 
will be o +^^' *°^ 2 "*'''^ respectively. 
On the lower side of the cutting, if a\6\<i\&.^,^ 

B 
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represent corresponding points to a, ft, c, &c., on the 
upper, we shall find, by putting «'c'=y, and c'J'=.d! 



w 



wry 1^ :x ^y I 



By inverting the figure it will be seen that these 
formulas are also applicable in embankments. The 
accompanying form for the half- width book will suit 
for taking the field notes. H, in the centre column, is 
the height from the formation level to the surface of 
the ground given by the longitudinal section. A line 
is drawn between it and the reading of the centre 
stake to which it refers, and horizontally in line with 
this reading are those of x and y, taken on the right 
and left, at a distance from the centre equal to one- 
half the formation width. The centre, right, and left 
readings are therefore all the observations necessary 
in the field, as the other columns can be filled indoors, 
and the half-width stakes placed subsequently, accord- 
ing to the distances shown under that head. 



INVESTIGATION OF THE FORMULAS FOR 
CALCULATING EARTHWORK. 

In the case of sidelong ground, the values of x and 
y in the following investigations may not be always 
had from observation, but may be c^\$5.\3\ssX^\ "Cittsiai 
in Bg. 7;— 



..^ s\ 
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v>+r{h' + h) : h'~k'.'. rh' I h'—x, whence 

vi + 2rh') 
w+r(A'+A)' 

TBAPEZOIDAL FORHULJL. 

Let the adjoining flg. 8 represent a trapezo 
solid contained between two parallel cross section 




anj cutting. Suppose it to be cut hj a plane e 
parallel to pnwz. Also hj two vertical planes a, 
and bmnc ; and by another vertical plane afe al< 
the diagonal a/. Then ii pd—y, nc=x, az=iy', i 
mb=x', L=pz, and w=zm 

(x'^!/)+(x-y-) T.W _ , - 



PRELIMINARY FORMULJE. 21 

2 3 "^ 

}/wJ^ = azmgfnep 

3 2 ^ 

=(a/+y+2a?-4y+6y)i^ = 

D 

(a) = j ar'+y+2 {x^t/) \ ^ = azmhcndp 

16 content of the figure^ when the surface slopes both 
ays, from ch to ad and from dc to &a, exclusive of 
le truncated pyramids at the sides formed by the 
iopes. 
To find the truncated pyramids tazjdp and bvmcnky 
appose a plane passing through tpd. Then if r 
xpress the ratio of the slopes, 

^ • y= pyramid ydpf. 

hiypH . r^ = rh'' (y +5^) i = pyramid pdazt. 

Hence, 
[rAy+rA" (y+y')}i = r {Ay+A"(y+y)} |-= 
le truncated pyramid jdptaz. Similarly 

r I A'aj + h'" (a; + a/) | ~ = kcnvbm. 
lombining these with A we have 
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=the content of the whole figure jkvtzmnpf when the 
surface slopes both ways from kv to jt, and from jk 
to vL 

Putting h' and h for the central heights at the ends, 
when the surface is level on the cross section, and 
slopes homjk to tv only, 

A Vl'^ S y', each = h' } consequently (b) becomes 

fw |h + h'+2(h'+h)| 

-h r |H'2+H'2+H(H'+H) + H(H'+H)|^i.= 

1 3w (h'+ h) + r (2h'2+ 2h'h+2h2) | L = 

(c) J3w;(H'+H)+2r(H'2+HH+H«)|i=' 
the content of the trapezoidal solid. 
(b) may be also written— 

(a) (w |ar'+y+2(a?+y') j 

or, 

W) (^ {a;'+y+2(ar+y')} 
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or, 
(v) fw |a;'+y+2 (a:+y')} 

In the latter ^ . and — , are the ratios for 

correcting the truncated pyramids when the surface 
is warped, re, a/, y, and y, can be had by (a) and {b) 
or observation on the ground. 

On examining (a) we find that — -J^ • w is the area 

due to the average height between m and p, and 

— -^ . i£?, that to the average height between z and n. 

Therefore, this formula expresses twice the middle 
area on mp^ and four times the middle area on zn^ 
when oj+y >a?'+y, and vice versa when a/-i-y>a:+y. 
Consequently this formula is to be written 



IjW 



|a?+y+2(a/+y) J- when x'+i/>x+i/. 

When the surface is much warped, twice the middle 
area on mp will not be equal to the sum of the areas 
on zm and pn, nor will four times the area on zn be 
equal to four times the middle area on ww; conse- 
quently, where tabulation by cross sections is adopted, 
as in formula (d), the sections are to be taken nearer 
than one chain apart when the surface of the ground 
is much warped, or the rate of inclination on the cros^ 
sections differs within a length o£ In<7^ 0(x^\i^« 
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(c) may be written — 

1 Sw {b! + h) + r (2h'2 + 2h'h + 2h2) j -|-= 

fSw {h'+h} +r |h'2+ (h2-|- 2h'h+h2)+h2 j) - = 

content. 

Here we have 
2w (H'-|-H) + r (h' + h)2= four times the middle arei 
w (H' + H) + r (H'2-|-H2)=the sum of the end areas 

for — ^ — =the middle height, and 

h'H-h , h'+h^h'+h h'h-h , (n'-f h' 

w — tJ— . + r . —k — X — i— =i£? — i- — +r . i — l—i 

2 2 2 2 4 

= the middle area, and four times the middle area = 
2m7 (H'+H)+r (h'+h)2. 

Hence the practical rule for finding the volume c 
a trapezoidal solid of this description. ' To the sui 
of the areas of each end add four times the tniddl 
area, and multiply by one-sixth of the length.* 

In adopting (c) as the principle for tabulating b 
cross sections, it is well to remark again that whereve 
the cross-sectional inclination differs much within tw 
chains' length, it is necessary for extreme accuracy t 
take the observations at half chains, or nearer, as ma 
be seen by considering the remarks upon (a). Othei 
wise it will be necessary to tabulate by (f»), ( j)), an 
(u), as in Examples 1> 2, and 5. 
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According to this principle, dividing the cutting, 
fig. 9, into an even number of parts, one chain in 



Fig. 9. 




y A 



a z' 



y*toC 




\ '^ 




'wmi 



length each, = l, and taking tlfe solids 2 chains long, 
=2l, we shall have 

|2 (c+E, &c.)+4 (b+d+f, &c.)+a+g j^= 

♦(d)|2(c+e,&c.)+4(b+d+f,&c.)+a+g|| = 

the volume of the cutting, exclusive of the end wedges 
A}/ and Gz. 

A and G represent the terminal cross sections a 1 and 
6? ; c, £, &c., those at the odd points c3, e5, &c. ; 
B, D, F, &c., those at the even points b2, d4, f6, &c. 

» See Hughes' Tables, published "b^l^an^vm.^^*^^^* ^».^s.. 
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WEDGEB AND TBAPEZOIDAL SOLIDS. 

When the back is a regular figure and the edge 
parallel to it (fig. 10), we have 

— y- =Gontent of wedge on a 



:= content of the pyramids 
\\ \ on 1 and 2. Hence 

WLH , rLH .^o , a \ !• / \ 

-H(8w+2rH)^(E) 

givea the volume of the whole figure ; where l ^ the 
length, H=the height of the bat^ r=the ratio of the 
elopea, and w=tbe formation width. 

Fio. 11. In the case of side- 

long ground forming 
—i. :E:y'/E\ obliquewedges{fig.Il) 




J-S:: 




/x+h' ,1 rA''\ l' rh'x L 
{ — ■'''-t)i=-2'-S = 
content of pyramid on I . 

{~2~ ~2jJ~ 2 ■ 3 ~ 

^intent ofpyrsamA on 2. 
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Bj substituting for l' and l" their equivalents in 
(c) and (cf), the sum of these 

For that portion of the wedge on h we have 

x—y \w\\x\ ^^xg. and 

x-y 

x-y Iwy.y: J^=zyg 

x—y 

(\!x wx \ ^ ( ^"y ^1/ \ 
'Y" 3{x-y)J V~2" • 3 {x-y)J 

= ^ . - = the content. 

x—y 6 

By substituting for if and l" their equivalents in (c) 
and (d) this becomes 

H(a;-y) 6 H(x-y) 6 6h '^ ^^ f-^ffJU) 
Combining (e) and (/) we have 

^ (h'x^ + hy^) + ^ (a:Hy2 + ay) = 

OH OH 

the whole volume of the trapezoidal wedge, (fig. 11) 
By substituting for x and y their values in (a) and 
{b) we have, in terms of the a\^^\ife\^DN.^l[v %»Sk.\^ ^ 
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When the terminal wedge is a pyramid (fig. 12) we 

have — - . — = the content. This, by substituting for 
2 o 

X and l' their values in (o) and (c) Fig. 12. 



w 
2 



-Lxh' _ uw A'2 (w\-2rh) 




3h 6h w+r(A'+A) 
But as h=Oy it takes the form of 

-— . — =(g), the volume of the 

pyramidal wedge {^g, 12). The three 
preceding forms of wedges are those 
that occur most frequently in the formation of earth- 
works, and have therefore been transformed to ex- 
pressions containing A and h' instead of x and ^, as 
the latter may not be had^ after a cutting or embank- 
ment is finished, without separate calculations. 

Fig. 13. 



From (a) when y=o 



(h) w(«'+y+2a;)-2-= 

o 

content of fig. 13. 



When a/ andy=o 

(I) «;(2a!+y)| = 
content of fig. 14. 
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Fio. 15. 

When a/ and ^ = o, and a? + y 




= H, 



«5^ = 



\ content of fig. 15. 
In (h) when there are side slopes, we have from (b) 

In (I) ^w{2x + t/)-^r (A'a?+%)} ^ 



L 



In (j) H(3M? + 2rH) -, which is the same as (e). 

6 

For a truncated pyramid (fig. 16) we have from the 
second term of (b) 

^'''* ^^* [Ay+A"(y+3/')} ^ (L),orfrom 

*i\X 5^ \ 

(a) r . ^ f- . -, (m), or 




(n) r . {hj/+hy+ ^hy X AYJ \ 

o 



(o) r^'CyHi^Z+y')-! from (y). 

Ty^hen the ground is level on the cross section A=y 
and A^^=y^ ,\ ive have 



preliuhtart forudla. 

(p) r (yS+jy+ya) i- = the content of fig. 16. 

Fig. 17. 




For a wedge like fig. 17 we have, by the first for- 
mula for (a), 



When the formn- 
tion-width is greater 
at one end than the 
other, or w > m/ 



from (q) 



and 




»A+y. 



-w' T. _ (h+y).(te~w') t. _ 



32 A MANUAX ON EARTHWORK. 

and ^^ — "^ ^ * ^ — '^ — I . — = bfncd. Hence 
2 6 

V22 2 2 ye 

(R) (y'+;r'+y+a:+A+A')'^. \ = 
the sum of the contents of the side wedges, in which 
(s) (jZ+y+h) ?^^ . ^=^azejdpy and 

(t) (a/+ir+A')^^^^ . ^^hmfnck. 

As from (a) we get th^ content of azmbcnpdy if we 
add (a) and (k) together we have 

(u) jw'{a;'+y+2(ir+y')} 

the cubical volume of the whole figure azmhkfejy or 
^ •{ 2 {y-\-y^) + A + A' j- — when io'= o, as in this case 
a;'=y anda;=^. 

In (u) when fv^=u/, the second term vanishes, and 
we have (a). 

In (s) and (t) when the wedges are not similar, ep 
and nf are to be used instead of —^ — • 
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In £g. 19, where the sur- 
face is level on the cross sec- 
tion, and slopes only in one 
direction, from w to w', we 
have in (o) 

h. If, X, h', eacli = h' 
y and a/ each = h, 



(v)= {»'(h'+2h)+»(h+2b')} i. = 
the cubic volume, or 

w (h+2h') i- when vf=o. 
From (o) when y = o, fig. 20, 
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the cubic content, or 

^{3/+2x + h + h') I whenM^=o; 
and when x' and y = o, fig. 21, 

the volume, or 

|(y+ar+A+A')^ when «/= o. 



and vhen x' and ^'=^0, and 
~1 a: and y=H, fig. 22, 

^- ^ \ ;\ the cubic content, or 

' \'i I, 

'■.^ \| 2uw — when w'= o. 

In a truncated pyramid of the form shown bj fig. 
23, we have from (m) 

the content ; or from (l) 

or from (o) 

.•^(Z ir£eii ti^e surface ia level on the cross sectioDs, 




as h and A'=y, and k" and h"'=y', we have (fig. 24) 
from (z) 

Fio. sa. Fio. 84. 





H'— H ) 6 

(Aj) 2r(H*+H'H+H™) ^ the same as twice (p). 
(q), when there are side slopes, becomes 

Fig. 25 represents fig. 18 with side-s 
cubic capacity may be 
found by adding the 
side figures jdpealz 
and kcnfbvm to 
the central portion 
azmbenpd, as given 
by formula (^). 

Let je and kf be 
produced until they 
meet dp and en pro- 
duced in g and n*, 
and join gz and n'm. 
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Then as r x jt?^ = cp = — - — .•. ^tg = — — — = «=u/. 

Add -^ — to js and we have ji, which call h. Add 

it to ku and we have kl^ which call h'. Also call 
dg^ T, and cw', x. 

Now from the second term of (b) 

the content of the truncated pyramids jdgatz and 
kcn'bvm. Also 

the pyramid epgz, and 



fw—vx w — w'\ 

\2 27~/6 2r 6 

the content of both pyramids, epgz andy«n'«i. Therefore 

(cO (r|HT+H'x+A"(T + y)+A'"(x+rc')J 

2r y"6 

the content of jdpeatz and kcnfbvm. On combining 
this with (a) we have 

(Di) ^w/ |"a/+y+2 (a?+y) J 
-fr{HT+H'x+A"(T+y)+r'(x+aO} 

2r J 6 



PRELIMINAEY FORMULAE. 37 

the whole cubical volume jkfetvmz. When 11/ =^0 this 
becomes, as x=t and a/=y', 

( { T(H + H') + (T +y) . (A" + h'") } - 1^) y 

When there are side slopes and the surface is level on 
the cross section (see ^g. 19), we have from (Dj) 

and |2r(HHHy+y2)_|!.U_Lwhen w;'=o. 
When y'=o (see fig. 20) we have from (d^) 

= ^r{HY+H'x + A'" (x + a?')-!")-!. when m;'=o. 

When xf and y'=o we have likewise (see ^g. 21) 
I w^ (2ar+y)+ r (HT + H'x) - (!^=^' I -L = (GO 

rss-l r(HY+H'x)— ^ [ i whcn «£?'=o ; and 

when re' and y=o, h'=x=y=h, and a;=y (see fig. 
22), we have 

^3tc;^y + 2rH^— ^ ^"^^^ j-^ = (hi) where y = H, in 
fig. 22. 

V 2rj 6 
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APPLICATION OF THE PRECEDING 

FORMULA. 

As sometimes cuttings and embankments are formed 
with retaining walls, and without slopes, of the form 
shown by azmhcnpd (fig. 8); the formula (a) gives 
in such cases 



w 



^•4074 {a/ + y+2(a;+y)+3s}) 



for the volume of a cutting or embankment in cubic 
yards ; where s = the sum of the intermediate heights 
on the lower and upper side ; ocf and t/, the terminal 
heights at the beginning ; x and y those at the end, 

and the constant "4074 = - — — - . 

6x27 

For if we suppose a similar figure to extend from 

dpnc {j^g. 8) on the one side, and another from azmh 

on the other, we shall find that xf will be taken once 

for fig. 8, and twice for the adjacent figure; also ^ 

twice for ^g, 8, and once for the adjacent figure. 

Therefore xf and ^ will be taken three times each, so 

likewise will x and y, for any number of intermediate 

sections. At the first section x! will be taken once, i/ 

twice. At the last section x will be taken twice, and 

y once, we have therefore 

t£?r-4074 (aZ + y-f 2(a?+y) + 3s}'j = 

(A)=-2037 w{2 (a:'+y) + 4 (a?+y)+6 s} 
for the content of such a cutting, exclusive of the end 
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When the ground is much warped, and there are 
side slopes, the quantities can be had most accurately 
by combining the latter equation (A) with the second 
term of (b). We shall then have 

for the content of a cutting ; where a/ and ^', x and t/ 
are as in fig. 8, supposing several sections to intervene 
between them ; s = the sums of x and ^ at all the 
intermediate sections, 5= the sums of A"(y-fy), s'=: 
the sums of A'" (jxf-\-x) at all but the last section, s"= 
the sums of Ay, and s'^^= the sums h^ x at all but the 
first section, and y'+2?', the contents of the end 
wedges, At/ + Ga' (fig. 9) to be found by formulae 
(e), (f), (g), &c. 

In order to apply formula (d)* we have to find a 
general expression for the cross-sectional areas ai, 
b2, &c., as shown by abcd {^g. 26). 

Fia. 26. 



Here 




2 
2 



= area bcd5, and 



a/= area ad5. 



* This formula (d), which is the application of the Prismoidal, 
holds good where the ground is not much warped, and the 
cross sections are taken closely ; also in all caa&a '<ii\2i&x'^ ^Jc^s^ 
heights are taken from the \ongilvi^v(i«\ %^Oa^\!l. 
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.-. (1) r>k(l>b+BC)-l>bXAf^ ^^^ ^^^^ 

Put D^=A', Ag=h, BC=w, and r= the ratio of the 
slopes ; then wD = rh\ also mb := rA', and mn = t(7 ; 
.:Db=2rh''\-Wy and i>b + Bc=2rh' -^-210. Also D^x 
A/=(2rA'+ w) X (h'—h). Hence from (1) 

2 
hfw + 2rhh!^ hww g,,^j,>^^M' (2) 

gives the area abcd. 

The multiplier in the general formula (d) becomes 

for cubic yards, or "8148 when l = 66 feet, 

3x27 J > 

and 1-2345 when l=100 feet. Consequently, putting 
y and z' for the content of the end wedges we have 

{j) •8148|2(C + E, &C.) + 4(B-fD + F, &C.)+A-fG| 

H-y-j-2?'= the cubical volume of the whole cutting 
from y to z' in fig. 9. When the distances are 100 
feet apart this becomes 

(k) 1-2345 J2(o + b,&c.) + 4(b + d + f,&c.) + (a + q)| +3^ + a/ 

In (2) if the sums of (A' + A)=s, and those of their 
products hxh'=s for the cross-sections at c, e, &c., 
then ws H- 2rs gives twice the sum of their areas, or 
2 (c + E, &c.) in (j) and (k). Likewise in the cross- 
sections at B, D, F, &c., if the sums of (A'-1-A)=s', and 
those of AxA'= s', 2ws^+4rs' gives four times the 
si/ia of their areas, or 4(b-\-d-vip, fe^i.^i Finally, if 
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the sums of (A'+A)=s", and those of hxh'^s", in 
the cross-sections at a and g, -- s" + rs" gives the sum 

of the areas at a and g. Hence (7) may be written 
•8148 j (ii>s + 2rs) + (2ii>s'+4rs') + (- 8"+ rs") ^ +y' + 2' 

-nd (A) 

1-2345 j (ws + 2rs) + (2m;8' + 4r«') + (^ s" + rs") I +y' + 2' 

or 
(/) -203711; (4s + Ss' + 2s") + •4074r (4s + 8s' + 2s") + y' + 5:' 

and 

{m) -308610 (4s + 8s' + 2s") + -6 1 72r (4s + 8s' + 2s") + y' + z 

The values of •2037«^, '40747-, &c., are given in 
the Table of Ratios. 

When L=33, 50, 16*50 or 2^ feet, one half or one 
fourth the tabular values of these constants is to be 
used. 

Also when tabulation from the heights on the longi- 
tudinal section is necessary, the values of 2h are used 
instead of those of (A'-f A), and those of A^ instead of 
h X A^ as may be seen on comparing examples 3 and 4. 

Should V-shaped drains, in sidelong ground (fig. 23) 
be calculated in successive lengths, the tabulation of 
(z) as derived from (o) is the best. 

If A" and A'", h!'" and h'"" represent the side 
heights, y and yf' the middle heights, at the terminal 
sections. Also s, the sums of A + A'; s', the sums of 
y ; *, the sums of y^; and s', the sums oiy'y at all the 
intermediate sections. Then 
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I 28'+y+y" ^ ^ J 6x27 

(n) •4074r ( 2« + *' + y'' + yM-^ 

the content, which added to the end pyramids gives 
the cubic volume of such a drain. The end pyramids 
equal the areas of the terminal sections multiplied by 
one third of their respective lengths. If the values 
of y are not taken by observation, they may be had 

from y =1^(3). 

An easier tabulation for y-drains may be had by 
cross-sectional areas, unless the surface of the ground 
be much warped. 

The area of a v-shaped drain (figs. 23 and 24) is 

{'(*■+«) ■'-^*}-(¥^f)= 

,(V±J)^-»2±*!)=rfJ(4), 

consequently if s-^h! x^h at c, e, &c., s':=h'x h at 
B, D, F, &c., s!^=h' xh at a and q (fig. 9), we shall 
have from (J) 

(o) •4074r (4* + S*' + 2s!') +y + z' 

for the cubical content when 66 feet lengths are used ; 
and from (m) 

{p) •6l72r(4*+8*'+2«'')+y' + «' 

when the lengths are 100 feet. 

Should the surface of the ground be level (fig. 24), 
fve have from (Aj) 
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6 

(q) •4074r|4s+2(8' + H2 4-H'2) j 

the content in cubic yards, exclusive of the end wedges 
1/ and z\ which may be found as in (w) from (4). 

Here s=the sums of h'^; s'= the sums of h'h; h^ 
and h'2, the squares of the terminal heights.* 



CALCULATIONS FOR LAND. 

The quantity of land to be occupied by a cutting or 
embankment may be found as follows : — 

Fio. 27. 




Let fig. 27 represent the plan of a cutting or 



* Supposing fig. 24 divided by several parallel sections, when 
b' at the end of the first length becomes h at the beginning 
of the second length, and h' at the end oC \K^ ^^^w\.^\'e^'^!s^ 
becomes h at the beginning o{ the lYdtdiY'wv^xJtk, wv^^» ^^« 
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embankment where - is the distance between the top 

of the slopes and the fence, tv the formation width, and 
rh, rh\ &c., the bases of the slopes. Dividing it into 
an even number of parts, and calling the ordi nates at 
right angles to the centre line at each length ^', a, b, 
c, &c., we have 

(r) i.|4(A + C+E+G) + 2(B+D + F)+y+5/ j = 

the area expressed in feet. 

Putting s for the sums of (h'+h) in A, c, e, &c., and 
s' for those of {h! ■\'h) in b, d, f, &c., and («;+c)=y 
= z'i we have 



(*) 



L 

3 



|r(4s+2s')+3(« + l) . (w+c)| 
i{r(43 + 28')} 



or 



when (w; -j- c) = o, as in v-shaped drains, for the area 
of the land occupied ; where n = the number of even 
parts into which the cutting has been divided. (See 
Hughes's Tables, note 2.) 

When these calculations are carried on continuously 
from cutting to embankment this formula holds good, 
whether the ends are square to the centre line or not. 
But when the land required for a single cutting (fig. 9) 
or embankment with oblique ends is to be computed^ 
we have (fig. 11), by substituting for l' and i!' their 
values in (c) and (rf), and for x and y their values in 
C^J and (d)^ 
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2h 



X rA'= A on 1. 



J-?^ X r A = A on 2. 
2h 



laW 



= non 3.. 



.=C0-(-^+-)= 



\ ' 2H{w + r(A'H-A)} ^ ; 

for the area of each oblique end, and for the land oc- 
cupied bj the remainder of the cutting 

^ |4(b+d+f, &c.)+2(c+e, &c.)+a+g| 
or, putting s" for the sum of (A'+A) in A and q, 
(u) |- {^(4s'+ 2s + s") + 3 (w-1) . («?+c)} = 

the area, exclusive of the oblique ends, and when 
t<;4-c=o, as in v-drains, 

±|r(48'+2s + s")} 

In (») and («) ^= -07958, and in (<) i = -2424, 

for perches, when the distances are 66 feet long. If 
100 feet long, these become '1224 and '3673 respec- 
tively. 
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AREAS OF SLOPES. 



As r (A' + A) expresses the bases of the slopes in 
fig. 27, sec. 6 (A'+A) will express the lengths of the 
sloped surface on each side at a, b, c. &c., being the 
angle of the slope with the vertical. Consequentlj {() 

becomes l jsec. 6 — —i— j = 



iv) 






for the area in square feet of the sloped surface of the 
terminal triangles, and {u) becomes 

i- f sec e (4s' + 2s + s") j {w) 

for the area of the intermediate slopes from a to G. 

But if these calculations are carried on from cutting 
to embankment, we have from (s) 



|-|sec.0(4s + 2sOJ(a:) 



for the superficies. The values of sec. 6, or \/l+f^ 
are given in the Table. 

When L = 66 feet, |- = 7*3333 becomes the mul- 

tiplier in (v) for square yards, and k^^ = 2*4444 in 

{w) and (a?). If l = 100 feet, these multipliers be- 
come 3*7037 and 11*1111 respectively. 
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CONCLUDING OBSERVATIONS. 

After examining the methods proposed in the pre- 
vious pages, for obtaining the data and calculations 
necessary for earthwork operations, considerable ad- 
vantages in facility and correctness will be discovered. 

In the system for Half-widths, three observations 
with the level are all that are necessary for laying off 
the side stakes — instead of five, and sometimes seven — 
and the results arrived at are precise ; whereas the 
ordinary method is, at best, only continual approxi- 
mation. Where the surface of the ground is uniform, 
it also affords all the data supplied by a regular 
system of cross sections, and, therefore, dispenses with 
all the labour and time required in making, plotting, 
and calculating the areas of those sections. It aUo 
diminishes, to an important extent, the liabilities to 
error consequent upon these operations ; as, with the 
exception of the three central columns of the table, 
obtained by observation, the others are filled up from 
the results of calculations subsequently arrived at 
indoors and at leisure. 

When regular cross sections are made, the formula 
for obtaining the areas saves much trouble, and is far 
more accurate than the subdivision of those sections 
into triangles, finding the area of each separately, and 
taking their sum for the whole area. In such cases, 
the heights h and h' can be read off a scale from a line 
equating the surface. 
TJjo JPrismoidal formula, 'wVv\<i\i \% >iW\. \i\t\ierto 
fppli'ed for finding the cubical caipadx^ ol ^^\^nrq^«a, 
Js here shown to be a paTtVcuUt ca^^ ol xV^ ^^^w 
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formula (b), which has been termed the Trapezoidal 
formula ; not only as it distinguishes it from the 
former, but as it expresses more clearly the varied 
forms which earthwork solids present in practice. 
The prismoidal formula gives inaccurate results when 
applied to ground where the parallel sections are not 
of an uniform inclination — that is, where the surface 
is warped; as may be seen by the remarks upon 
formula (a), and a comparison of tabulations Nos. 2 
and 3. However, where central heights from the 
longitudinal section are only used, it is correct ; and it 
is hoped that the method of application here given 
affords a much simpler method of tabulation than any 
from tables. 

The formula for oblique and truncated wedges have 
not been hitherto investigated for practical use, and 
will prove very convenient to the resident or assistant- 
engineer, or foreman of works, in progress measure- 
ments ; as during the execution of works these forms 
continually occur ; and as the expressions are reduced 
to the ruling principle of measurement by heights — 
one length and breadth only being requisite — it is 
evident that these formula will much expedite the 
field operations. 

The formulas for v-drains, although not much 
required hitherto, are likely to be so, in consequence 
of the system of drainage coming into action ; also 
as they are derivable directly from those for ordinary 
earthworks, they are necessary for the completion of 
the system. The formulae for obtaining the areas q€ 
slopes are given also for tVie ?».t£\^ ^\vxY^'?l*^^^^^'^^^ 
for obtaining more accutaX^ ^"aX-^ ^^"t ^^^^^'^ ^ 
parJiamentary estimates. 



('*») A MANUAL ON EARTHWORK. 

The investigations of the preliminary formulae give 
some curious results, that may be found useful in the 
higher branches of calculation, and in the cubature of 
solids generally. They provide for every form of 
wedge and truncated solids likely to be ordinarily met 
with in iield-work practice ; and the ease with which 
tliey may be combined — none going higher than simple 
equations, and all symmetrically derived — renders it 
likely tliat they supply accurate results for every 
possible irregularity of shape in more complex figures* 

It was not thought necessary to give separate dia- 
grams for all the variations of these formulas, as they 
are derivable from the primary forms, and may be 
easily sketched with the pencil, if necessary in practi- 
cal operations. 

The observations on curving are derived from 
several years' investigation and practice ; and as such, 
may be depended upon for immediate application. A 
detailed investigation of the theories on this subject 
has been so frequently given, and would so much 
exceed our intended limits, that it was considered best 
simply to state some of the most useful results. 

Example No. 1 shows the method of tabulation for 
cuttings without side slopes ; and although these are 
not of frequent occurrence, except in the neighbour- 
hood of large cities, where retaining walls are built; 
yet it may be sometimes applicable, and it exemplifies 
more clearly than the others the principle of diagonal 
dimensions, as shown by formula (a). 

Example No, 2 shows the most correct method of 
tabulating for earthwork cvuwv\a\a^^, ^ja ^\cy«i^ by 
formula, (b). It is more ot^^to?*^ V>c^wi ^^x. ^^t«^ 
from the Prismoidal formuYa, iw» ^^^^^^ "^^ ^^^^^ 
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No. 3 ; but as the surface of the ground js warped in 
most cases, and the latter does not then give accurate 
results, it is preferable in all cases of final measure- 
ments, or those made for letting works to contractors. 

Example No. 4 is that by which parliamentary 
estimates can be most rapidly obtained ; and as, in 
such cases, the heights can only be had from the 
longitudinal section^ it affords as much accuracy as 
the conditions admit — being, as before remarked, a 
particular form of the trapezoidal formula, and true in 
its results when the surface, on the cross section, has an 
uniform inclination ; as by hypothesis it has wherever 
these heights only are given. 

These remarks apply likewise to Examples 5, 6 and 
7, which are applications of the same principles to v- 
shaped drains. 

Examples 8 and 9 give the areas of land occupied 
by earthworks, without waiting for the completion of 
the surveys. In parliamentary calculations the former 
may be continued to any extent, from cutting to em- 
bankment consecutively ; as, in such cases, the ends, 
whether square or oblique to the centre line, do not 
affect the results. The latter is applicable to isolated 
cuttings or embankments where greater accuracy is 
required ; and, consequently, the side heights and the 
obliquity of the ends are taken into account. 

Example No. 10 shows the method of obtaining the 
number of square yards of slopes to be trimmed and 
soiled in the completion of earthworks ; and as these 
operations include no inconsiderable item in calcula- 
tions of this description, it, 'wV^X. ^wi^iJ^^'sa* ^^^^^^^^ 
acceptable. ^ . ^ 

These tabulations, theretore/mviXvji^^^N^-^^ ^^^^^ 
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that is likely to occur in earthwork practice, and the 
facilities presented by Examples 4, 7, 8, and 10, for 
arriving, without the use of tabular numb^s^ at correct 
estimates for parliamentary or general purposes, as 
well as the superior accuracy of the whole system 
in theory and tabulation, will, it is hoped, obtain for 
this little work a favourable consideration and prefer- 
ence from civil engineers and other professional men 
who may be interested in the subject. 
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